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psj , Abstract. In this article we prove a non-vanishing statement, as well as several prop- 

erties of metrics with minimal singularities of adjoint bundles. Our arguments involve 
h-5 ' many ideas from Y.-T. Siu's analytic proof of the finite generation of the canonical 

Q\ ■ ring. An important technical tool is the notion of relative critical exponent of two 

closed positive currents with respect to a measure. 

rj ; §0 Introduction 

J3 • The main theme of this article is the notion of relative critical exponent of two closed 

positive currents with respect to a singular measure. Before presenting the results we 
obtain in connection with this definition, we recall the general context in [4], which 
will be relevant for us. 

Let X be a compact complex manifold and let 0i, O2 be closed positive currents 
Q\ \ of (l,l)-type on X. We also consider a finite open covering (U a ) of X and a family 

of functions ip := (tp a := tplt ~ Va) which are defined in terms of auxiliary functions 
(rv Va • U a — > [—00, 00 [ and which have the properties : 

• The difference ip a — ipp is non-singular on UaDUp, and ip a is plurisub harmonic, for 
OO ' each a, /3, j ; 

O ■ 

• We have J v exp(—^ a )dX < 00, for each a, where dX the Lebesgue measure. 

/\ • Then we define 

C ei ^(X, 6 2 ) := sup{t > : exp (t(<p l a - <p 2 a ) - Va) is in L l (U a ), Va} 

where for each j = 1,2, the function (p 3 a in the preceding expression is a local potential 
of©,- 

The normalization we use in the definition of the potentials above is such that if 
©2 — [D], ©i=0 and ip — (where D is an effective Q-divisor on X), we recover the 
usual notion of log-canonical threshold of D in algebraic geometry. Thus, the quantity 
C@ 1 ^(X, O2) is some kind of generalisation of that notion in algebraic geometry. 

If (Qj, V0j=i,2 above have arbitrary singularities, it seems very difficult to say something 
meaningful about Cq 1> ^(X, 2 ), i.e., this notion is far too general to work with. For 
example, it is not clear whether Cq 1> ^(X, 2 ) is in general nonzero. Another problem 
would be to define a notion of multiplier sheaf in this context. 

For these reasons, in the article [4] we are forced to confine ourselves most of the 
time to the logarithmic singularities case. An important idea in the proof of the next 



result is the consideration of a version of the threshold above which only takes into 
account a well chosen "logarithmic part" of the preceding currents/functions. 

0.1 Theorem. Let X be a projective manifold, and let 9l G NSr(.X') be a cohomology 
class in the real Neron-Severi space of X , such that: 

(a) The adjoint class ci(Kx) + 9l is pseudoeffective, i.e. there exist a closed positive 
current 

®k x +l ec 1 (K x ) + L ; 

(b) The class $l contains a Kahler current ©^ such that for any index a we have 

(•) e (l+e )(vK x + L-VL) e L\U a ) 

where Eq is a positive real number, and lpk x +l (resp. <pl) is a local potential of the 
current Ok x +l (resp. ©zj. 

Then the adjoint class c\{Kx) + @l contains an effective M.-divisor, i.e. there exist a 
finite family of positive reals ^ and hypersurfaces Wj C X such that 

N 

^2fi j [W j ]ec 1 (K x ) + e L . 

j=l 

We use the subscript "L" in the statement 0.1 in order to suggest that in some cases, 
9l is the Chern class of a line bundle L. D 

Firstly, we would like to mention that the above result generalizes the classical 
"non- vanishing" theorems of V. Shokurov and Y. Kawamata, cf. [23] , [33] , [34] . 

Secondly, it may seem that the integral hypothesis (*) in 0.1 is more general than 
the assumption that the critical exponent of 0£, is greater than 1 (compare with [5]), 
but after suitable modification of X one can see that it is enough to consider this case. 
This is a consequence of a theorem due to H. Skoda, see e.g. the paragraph l.B.l and 
l.C ; however, we prefer to state our result in this form, since the hypothesis (b) is 
almost canonical, in the sense that the quantity (•) with eq = is a global measure 
on X. We would also like to mention that the result in [5] is stronger : the authors 
obtain a statement within the numerical equivalence class rather than in cohomology. 
Of course, if L is a Q-bundle and 9l is its Chern class, then 0.1 imply the existence 
of a section of some multiple of Kx + L ; therefore, in the rational case we obtain the 
same non- vanishing theorem as in [5]. 

One important aspect of our proof is that is Char p-free, we avoid the explicit use 
of the minimal model program algorithm. 

A theorem similar to 0.1 was proved by Y.-T. Siu in [39], pages 31-46. Even if 
the hypothesis in his statement are much more restrictive than in the theorem 0.1, a 
substantial part of the arguments from his work will be used here. □ 

It seems to us that 0.1 is not optimal : it is quite likely that one could prove a 
similar result with £o — 0. Also, we expect our result to hold under weaker positivity 
assumptions on ©£, : the best result one could hope would be to replace the assumption 
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"©l is a Kahler current" in (b) above with the requirement ©l > 0. However, the 
difficulties one has to deal with in this case appear to be rather severe. 

Other possible generalization of 0.1 would be to work in purely transcendental 
setting i.e. without assuming that 9l £ NSr(X), but so far it is not clear what the 
statement should be. □ 

Along the next lines we will give a very rough overview of our arguments ; as a starting 
point, we recall the classical non- vanishing result due to V. Shokurov (see [34]). 

Theorem ([34]). Let X be a projective manifold and let D, respectively G = J2j P 3 Zj 
be a nef line bundle, resp. a Q-divisor. We assume that the following relations hold : 

(i) The Q-divisor D + G — Kx is nef and big ; 

(ii) The critical exponent of the current associated to —G is greater than 1. 

Then for all large enough integers m G Z + , the bundle raD + G is effective, where G 
is the "round-up" of G . □ 

In order to explain the link between 0.1 and the above statement in a simple way, we 
assume for a moment the existence of a finite family of hypersurfaces (Yj) of X with 
normal crossing intersections, such that 

jeJ 

where A^ is a Kahler metric, J is a finite set and a J L > 0. By the decomposition of 
closed positive currents theorem due to Y.-T. Siu (see [36]) we have 

®K X+ L = J2 a K x+L [ Y j] +I>W + Ak *+ L G C 1 (K X )+9 L . 

jeJ iei 

The numbers (x l , a J Kx+L ) in the formula above are positive reals and (Wj) is a set of 
hypersurfaces of A disjoint from (Yj). The cardinality of the index set I could be infi- 
nite, and Ak x +l is a closed positive current whose Lelong level sets have codimension 
at least 2. 

Next, one can show that under the assumption (•) we have 



a 



j _ 

K x +L "L 



a 3 T > -1 



(see the section l.C of this article). On the other hand, by the equality above we infer 
the following relation : 

5>'[Wi] + A Kx+ l + E«x+l - <Wj] e C!(K X + A L ). 
iei jeJ 

We introduce the following notations : 

.D'-.= j: t Aw t ] + AK x +L; 
•G':=J2 jeJ (a^ x+L -ai)[Yj] 



and the relation above shows that the Chern class of the M-bundle D' + G' — Kx 
contains a positive and non-singular representative, namely A/,. Moreover, since the 
coefficients of G' are greater than —1, the hypothesis (ii) of the above theorem is 
verified. 

We assume further that the current D' above correspond to a nef line bundle, and 
that the coefficients o? K +L ,a J L are rational. Under these additional hypothesis, the 
theorem 0.1 is a direct consequence of the aforementioned result of V. Shokurov, as 

follows. 

For each j e J, we denote by m? the smallest integer greater than a J K +L — a? L (i.e., 
the round-up of this difference). For any large enough integer m ^> 0, the theorem [34] 
show the existence of an effective O-section 



T m e Cl (D' + -G' 



and we remark that 



Tm + £ (ai Kx+L - ^)Y 3 e C1 (K X ) + 9 L 
jeJ 

is effective, by the definition of (m- 7 ). 

In this perspective, there are two important differences between 0.1 and the theorem 
of Shokurov. To start with, the currents D' and G' do not necessarily correspond to 
a line bundle, respectively to a Q-line bundle. More seriously, the cohomology class 
of the current D' defined by the first bullet above may not be numerically effective. 
Actually, D' has two components : a "divisor-like" part -although the sum in question 
could be infinite- and a part (corresponding to Ak x +l) which is nef in codimension 1 
in the terminology [7] . The first component admits a well-defined restriction to any of 
the hypersurfaces (Yj), and the same thing is true for the second component, modulo 
a standard regularization process (see [7], [11]). 

These excellent restriction properties of D' indicate that the proof of the theorem 
of Shokurov could eventually be adapted to the present setting. The principal use 
of the numerical effectivity of D in [34] is to apply the vanishing theorems during 
an inductive process, so that twisted pluricanonical sections defined on some well- 
chosen hypersurface of X extend to the whole manifold. In view of the very powerful 
extension theorems for the pluricanonical sections which were established since Y.- 
T. Siu's invariance of plurigenera breakthrough (see [37], [38]), we show that indeed, 
despite a few serious technical difficulties, the general outline of the proof of the classical 
non-vanishing result still works. □ 

Our article is organized as follows. We first review some standard facts concerning 
the notion of numerical dimension of a real (1, l)-class. If the dimension of c± (Kx) + @l 
is equal to zero, then the theorem 0.1 is a consequence of a result due to S. Boucksom, 
see [7]. If this is not the case, we use the numerical positivity of c\{Kx) +@l, together 
with (a version of) the critical exponent defined above, in order to identify a hyper- 
surface S (the minimal center) of some modification of X such that by restriction to S 
we reproduce the same context as in 0.1, except that the dimension drops (see l.C and 
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l.D). This part of our proof could be seen as a generalization of the classical arguments 
used in the Fujita conjecture literature (see [39] and the references therein). 

During the restriction to the minimal center process, we will use in an essential 
manner the regularization techniques of Demailly ; a diophantine approximation argu- 
ment is also involved, to reduce to the case where the geometric objects we are dealing 
with are rational (see l.F, and also [5], [39]). Finally, we use the extension techniques 
of Siu and Hacon-McKernan adapted to the present situation (see l.G and l.H). The 
main technical point in l.H is an ad hoc version of the invariance of plurigenera. 

The important steps in our proof of the main theorem have their origin in the notes 
[39], [40] by Siu ; at the beginning of each concerned paragraph we will make this 
more explicit. Most of the subtle points in our arguments are equally observable in 
the algebraic geometry proof [5], as it was kindly explained to us by J. McKernan and 
S. Druel ; it would be very interesting to have a precise comparison between the two 
approaches. □ 

The second part of this article is a corollary of the first. Suppose given a Q-bundle L 
which is big and endowed with a metric with positive curvature current whose critical 
exponent is greater than 1. Assume further that some multiple of the adjoint bundle 
Kx + L is effective. In this context (in fact, in a slightly more general context, see 
section 2), we want to compare the metric with minimal singularities </? m i n on the 
bundle Kx + L with its algebraic approximations, i.e. induced by Gnite families of 
sections. 

Very roughly, the main result we obtain is as follows. We assume that there exist 
an algebraic metric ip a on Kx + L which is strictly more singular than </? m i n ; then we 
obtain a modification X — > X and a new algebraic metric ip a > such that 

VS {<fa ° A*) > ^s(<fmin ° A*) 

and 

Vs(<Pa' ° AO = Vsi^min O Ai) 

for some hypersurface S C X. The new metric is produced using the non-vanishing 
theorem 0.1. □ 
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§1. A non- vanishing result 

In this section we are going to prove the theorem 0.1, which is a version of the theorem 
obtained in [5] as a by-product of their fundamental result on the fmiteness of the 
canonical ring (see equally [16], [25] for interesting presentations of [5]). To start with, 
we give some precisions about the notions which were involved in the statement 0.1. 

As it is well-known, an integral cohomology class in H 2 (A, Z) is the Chern class of a 
holomorphic line bundle if and only if it is of (1,1) type. The Neron-Severi group 

NS(A) := H 2 (X, Z) n H hl (X 7 R) 

is the set of cohomology classes of line bundles. We denote by 

NS M (A) := NS(A) ® z Rc H 2 (X, R) 

the real Neron-Severi group. 

We also recall the following notions. 

Definition. A current O of type (1,1) is called a Kdhler current if there exist a Kdhler 
metric u on X such that > u. D 



Definition. A function 4> : X — > [— oo, oof has logarithmic poles (or analytic singular- 
ities) if locally at each point x G X we have 



m£i/ 



„ 2 ) 



modulo C°° functions, where fj G Ox,x are local holomorphic functions. D 

Along the next lines we will use the proof of the classical case of the theorem 0.1 as 
a "guide" , together with the theory of closed positive currents and the invariance of 
plurigenera. We borrow a few techniques from both analytic as well as algebraic works 
on the subject ; however, we stress again that the characteristic p methods, which seem 
to be essential in the later, are not used here. □ 



§1.A Numerical dimension of pseudoeffective line bundles 

Let A be a compact Kahler manifold endowed with a metric u and let a be a non- 
singular (l,l)-form on A, which is assumed to be real and closed. We denote its 
cohomology class by {a} G H 1 ' 1 (X, R), and we assume this class to be pseudoeffective. 

Following [7], we denote by a[— eu] the set of closed currents T G {a} with loga- 
rithmic poles and such that 

T > -eu. 

The next fundamental result of J. -P. Demailly [11] is a quantitative version of the 
fact that if {a} is pseudoeffective, then for any e > the set a [—ecu] is non empty. 
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l.A.l Theorem([ll]). Let T = a + \f—\ddtpT be a closed positive (1, l)-current on 
a compact complex manifold X (here the function <pt is globally defined on X). Then 
for any real number e > there exist a closed current 

T e := a + \^ldd(p £ G a[—eu] 

such that we have the pointwise inequality <p e > ipr + 0(1)- d 

In connection with his definition of mobile intersection of pseudoeffective classes, S. 
Boucksom proposed the next transcendental version of the classical notion of numerical 
dimension of a nef line bundle, as follows : 

nd({a}) := max {k G Z+ : limsup e>0;T£6Q[ _ ew] / T e fc A u n ~ k > 0} 

Jx\z £ 

where Z e above is the singular set of the current T s . 

If {a} = ci(L) for some nef line bundle L — > X, then nd({a}) above become the 
usual numerical dimension of L ; we refer to [7] for a more detailed account about this 
notion and its properties. 

The statements which will follow assert the existence of geometric objects in the class 
{a} and its approximations, according to the size of its numerical dimension. The first 
one is due to S. Boucksom (see also the work of N. Nakayama, [31]). 

1.A.2 Theorem ([7]). Let {a} be a (1,1) -cohomology class which is pseudoeffective 
and such that nd({ct}) = 0. Then there exist a closed positive current 

i=i 

For a more complete discussion about the properties of the current G above we refer 
to the article [7]. □ 

Concerning the pseudoeffective classes {a} G NSm(X) whose numerical dimension is 
strictly greater than 0, we have the following well-known statement. 

1.A.3 Theorem. Let X be a projective manifold, let {a} G NSr(X) be a pseudoeffec- 
tive class, such that nd({ct}) > 1, and let (3 be a Kahler current. Then for any x G X 
and m G Z + there exist an integer k m and a closed positive current 

T k , x G {ma + (3} 

with logarithmic poles, and such that v(T m ^ x , x) > k m and k m — ► oo as m — > oo. □ 

Proof. We fix an ample bundle A — > X, endowed with a metric h with positive 
curvature. Let iVo G Z + such that 

(i) (3>^e h (A). 



Since nd({a}) > 1, there exist a positive constant C > and a family of currents 
T e G a[-eG h (A)] such that 

(2) / r e A6 ft (i) n - 1 >C>0 

JX\Z e 

for any positive e. 

We will use now the hypothesis {a} G NSr(X) : there exist a sequence of bundles 
(L m ) meZ+ such that 

(3) ||ci(L m )-m{a}||->0 

as to — ► oo, where || • || denotes any norm on NSr(X). We are not going to explain the 
details of this claim, since it is a simple diophantine approximation argument, see e.g. 
[21], [5], [39], and the paragraph l.F of this article, but rather indicate how to use the 
family of currents T s above in order to obtain a lower bound of the quantity 

^h°(X,p(N L m + A)) 

as p — > oo. 

We recall that a very precise lower bound for the asymptotic behavior of the above 
dimension is provided by the holomorphic Morse inequalities, in the version obtained 
by L. Bonavero in [6]. In order to apply this result, we have to endow the bundle 
NoL m + A with a suitable metric. To this end, we remark that we have 

(4) iV ci(L m ) + ci(A) = iV (ci(L m ) - m{a}) + mN {a} + Cl (A). 

The class c\{L m ) — m{a} contains a non-singular representative p m which tend to zero 
as to — > oo, by the relation (3). We take 

1 



2mN 
and then we have 

(5) Pm + mN o T £m +Q h {A)>0 

if to ^> 0. The relation (4) imply the existence of a metric h m on the bundle NoL m + A, 
whose associated curvature current is (5). 

By the holomorphic Morse inequalities [6] we obtain 

-^h°(X,p(NoL m + A)) >C [ ( Pm + mN T £m +e h (A)) n 
P Jx\z m 

where Z m is the set of singularities of T £m and Cq is a positive constant, independent 
on p and to. The inequality (2) show that the growth of the integral in the right hand 
side of the above inequality is at least linear with respect to m. 
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Now we invoke the usual linear algebra arguments (see [28]) and infer the existence 
of a Q-divisor D mjX G c\(NoL m + A) such that v(D mjX ,x) > Cm~ as ro -> oo. Then 
we define 

T m ,x ■■= Tr(W - ®h(A)) +P-p m ] 

it is a closed, positive (1,1) current in the class {ma + /?}, and its Lelong number at x 
tend to infinity with m. Thus the statement 1.A.3 is completely proved. □ 

1.A.4 Remark. The theorem 1.A.3 holds in a more general context, as follows. 

Theorem. Let X be a compact Kdhler manifold, endowed with a Kdhler curent u, and 
let {a} be a pseudoeffective class, such that nd({a}) > 1. Then for any x G X and 
m G Z + there exist an integer k m and a closed positive current 

T m ,x G {ma + u} 

with logarithmic poles, and such that v(T m ^ x , x) > k m and k m — > oo as m — > oo. 

The proof of this result will not be discussed here, since we do not need it. Let 
us just mention that the "ancestor" of the above result can be found in the beautiful 
article [12] ; see also [15] for an overview of the techniques involved in the proof (the 
Yau theorem [46], and of the maximum principle of Bedford- Taylor [1]). □ 



§1.B Dichotomy 

After the preliminary discussion in the previous paragraph concerning the numerical 
dimension of the pseudoeffective classes and some of its properties, we start now the 
actual proof of the non-vanishing theorem. We denote by v the numerical dimension 
of the class c\{Kx) + #l, and we proceed as in [5], [23], [27], [39]. 

• If v — 0, then the existence of the R-section in the class c\{Kx) + &l is given by the 
theorem 1.A.2 above, therefore this first case is completely settled. □ 

• The second case v > 1 is much more involved ; we are going to use induction on 
the dimension of the manifold. In order to ease the comprehension of our approach, 
we will first prove the theorem 0.1 under some additional rationality and finiteness 
assumptions in the next subsection. 

§l.B.l A particular case of 0.1 

The aim of the present subsection is to give a detailed proof of the next result, in order 
to illustrate the approach/difficulties for the general case. 

l.B.l Theorem. Let X be a projective manifold and let L — *• X be a Q-line bundle ; we 
denote by 9l G NSr(X) its Chern class. We assume the existence of a closed positive 
current Qk x +l G c\(Kx) + #l with logarithmic poles and rational Lelong numbers. 
Moreover, we assume that the class 9l contains a Kdhler current Gl such that 



/ exp(<f Kx+L - f L )d\ < oo. 
Jx 
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Then H°(X,p(Kx + L)) ^ for all p large and divisible enough. 

We remark that the integral condition above is less restrictive than the hypothesis in 
the statement 0.1 ; therefore, the (heavy) additional assumption is the existence of a 
current with log poles and rational singularities in the class {Kx + L}. □ 

Proof. In the first place, we would like to mention that this version of the non- vanishing 
is almost due to Shokurov, but we are going to prove it in a slightly different manner, 
which is better adapted for the illustration of the general case. 

To start with, we remark that we can assume that the current T m in the statement 
1.A.3 is given by an effective Q-section D of the bundle m(Kx + L) + L. Indeed, as a 
consequence of the holomorphic Morse inequalities we have 

\h° {X, mp{K x + L)+ pL) > Cm v 

see e.g. [6] . Thus, the existence of the section D above is provided by the usual linear 
algebra arguments. We fix m large enough, so the the singularity of v{D, xo) > n + 1, 
where the point xq is chosen such that Qk x +l and ©l are non-singular at xq. 

Now let us consider the following relative critical exponent, which is adapted to the 
current situation. We set 



T : ~ C mQ Kx+L+ & L ,e v Kx + L-*L (X, D) 



in other words we have 

(6) t = sup{£ eR+: I e t('pL+™<PK X +L-<PD) e <PK X + L -<PL d x < oo}. 

Jx 

Thus we consider the relative critical exponent with respect to the singular measure of 
finite mass 

We note that we have the relations 

(7) < t < 1 ; 

indeed, the first inequality is due to the fact that by hypothesis the relative critical 
exponent of ©^ with respect to Qk x +l is greater than 1. As for the second one, it can 
be seen as a consequence of the fact that the singularity of D et xq is large enough. 

As in the proof of the non- vanishing result in [34] , we are going to use an appropriate 
modification of the manifold X in order to have an interpretation of the quantity r. 

Let /i : X — > X be a modification with such that the singular part of the inverse images 
of the currents below have normal crossing. 



(8) 11*(Qk x +l) =J2 a K x +Ll Y j]+^K x +L 

jeJ 
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(9) ^(Q l ) = J2<[Yj]+^l 

jeJ 



(10) ***(©*) = 5>iK 

jeJ 



(11) K 9/Y = YaL [y,] 

v ; x/x A^/ x/x l JJ 

jeJ 

where J is a finite set, (a J ) are non-negative real numbers (some of them may be zero, 
since we use the same family of indexes), (Yj) are divisors in X , either proper transforms 
of divisors in X or ^-exceptional ; we will assume that they contain all the exceptional 
divisors of \i (as we can take the corresponding coefficients zero if necessary). Finally 
A are non-singular, semi-positive (1, l)-forms on X. Moreover, we remark that 

(12) A L > v*u. 



Let to (respectively uj) be a Kahler metric on X (respectively X). The definition of our 
relative critical exponent (6) show that the quantity we have to evaluate is 

fi*{e u (Kx) +t{[D] - mO Kx +L - e L ) + ©l - ®k x +l) 

that is to say 

(13) fi*(Q u (K x )+t[D] - (l + tm)e Kx+L + (1 - t)Q L ) 

where we denote by [D] the current of integration associated to the Q-divisor D. 

We first remark that the cohomology class of the current above is equal to zero. 
This is an important point in our proof. 

On the other hand, the equalities (8)-(ll) show that for any positive real t we have 
fi*{eUKx) + t[D] + (1 - t)Q L - (1 + mt)Q Kx+L ) = 

(14) =®^ K x) + 5>< + 0- ~ f )< ~( 1 + mt X x +L - a WK] + 

jeJ 

+{l-t)A L -{l + mt)A Kx+L 

where the symbol = means that the two currents above have the same cohomology 
class. Therefore, we get the next cohomological identity 

(l+mt)A Kx+L = e^(K^)+Y,(ta^H^-t)<^+rnt)ai x+L -aL )[y,-] + (l-t)A L . 

jeJ 
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By the definition (6), for any real t < r and j G J we have the following inequalities : 
(•)i *K> - «i - ma J Kx+L ) < 1 + a J Kx+L - a\ + aL . 

In addition at least one of the previous inequality is in fact an equality for t = r. We 
will show next that we can further modify the inverse image of the current O^ in order 
to have equality for precisely on single index ; we stress on the fact that we can achieve 
this without changing the cohomology classes above, since L is big. 

To this end, we remark that given any family of positive rational numbers rf , the 

Q-divisor 

2>{ + »7>)ft-]+A L ,i 

jeJ 

belongs to the Chern class of the Q-line bundle n*(L), provided that 

jeJ 

Now we recall that for any Kahler metric wonl, the cohomology class of the next 
current 

jeJ 

contains a positive representative, for some family of positive rational numbers (f] J ), 
which can be chosen as small as we want. Here we use the fact that all the //-exceptional 
divisors are among the (Yj) above ; as for the non-exceptional ones, they are absorbed 
by to. We remark that once such a family is fixed, any small enough perturbation of it 
will have the same properties. Therefore we can assume that all the rational numbers 

K *+ L x/x L 

3 j 3 

a D ~ a L~ ma K x +L 

are distinct, where the a J L in the above quotient is the coefficient of z/*Gl after pertur- 
bation. In what will follow, we still use the same notations for the inverse image of L, 
but we keep in mind that A/, is now a Kahler metric on X. 

Our L 2 condition in the theorem l.B.l is translated via the blow up as follows 

1 + a 3 Kv + T + aL - a 3 T > 

for any index j G J, therefore we have the inequalities («)j above are automatically 
satisfied for the indexes j such that 

a D ~ a L ~ ma K x +L < 0- 



Therefore we obtain 



1 + ai , j + a^ — a, 

K x +L x/x L 
T = 1 ; -. 

a D ~ a i - ma K x +L 
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for a unique j = jo ; we remark that r G Q, by our rationality hypothesis. We will 
denote by S := Yj . 

In conclusion, we have the numerical identity 
(15) K X + S + L = Q 

where L is any Q-bundle on X whose associated Chern class contains the current 

(16) J2 ( r < + C 1 - r K - 0- + mT ) a K X+L - 4 /x )K] + C 1 - r )^- 

We denote by 

® := S (C 1 + mT X x +L + 4/x " ™ Jd " (1 " T )°i)[ y ^ + (1 + mT ) A K x +L- 

The J p (respectively J n ) are the sets of indexes j E J for which the corresponding 
coefficient of Yj in the expression (16) and in the definition of G is positive ; we remark 
that we have 

J = J p U J n U {j }. 

It is at this point that one can see the utility of the relative critical exponent defined 
above : the Q-bundle L and its restriction to S are big, and that the coefficients of 
their respective singular part are strictly smaller than 1. Also, the numerical identity 
(15) restricted to S show that Ks + L\g is pseudoeffective, and it has a metric with 
analytic singularities, since we have 
(17) 

K s + L ls = ^((l + mT)a 3 Kx+L + aL /x -Ta 3 D -(l-T)ai)\Y j]s ] + (l + mT)A Kx+Lls 
Therefore by induction we infer that 



(18) H°(S,p(Ks + L ls ))^0 

for all large and divisible p. 
We claim next that any section 

ueH°(S,p(K s + L ls )) 

admits an extension U to X. This is a immediate application of the invariance of 
plurigenera of Siu, in the version due to Hacon-McKernan [19]. Indeed, we have : 

1. The bundle L is decomposed as sum of an ample line bundle and an effective one 
with critical exponent greater than 1 ; 

2. The bundle K<^ + S + L admit a metric with positive curvature, whose singular part 
is transversal to the support of the effective part of L. 



14 

Thus by the extension theorem in [19] we obtain U E H° [X , p(K^ + S + L)) such that 

U\ S = u. 

A last observation is that since < r < 1 we have 

H*(tD + (1-t)L) =S + L + F 

where some multiple of F has non-zero sections. Indeed, by the formulas (16) and 
(8)-(ll) we have 



F= J2 {( 1 + ™<T)ai Kx+L + aL /x )[Y j ]+ £ (ra j D + (1 - r)o{)[J}]. 



Now we twist an appropriate power of [7 with the section of the corresponding multiple 
of F and we obtain a section in a multiple of the bundle 

K x + t(L + m(K x + L)) + (1 - t)L 

which is nothing but (1 + rm)(Kx + L). 

Therefore, the particular case of the theorem 0.1 is completely proved. □ 

Remark. The only difference between the theorem l.B.l and the result of Shokurov 
in [34] is the existence of the singular part (Yj) in the expression of L and G above. 
However, the singular part encoded by L is small (the coefficients are smaller than 1) 
and the one inside G is transversal to the singularities of L : it is precisely for this 
reason that the invariance of plurigenera [17] still holds, and it is used to replace the 
Kawamata-Viehweg vanishing theorem (cf. [22], [45], [30]) to give the desired result. 
□ 



§1.C Relative threshold of the logarithmic part of ®k x +l 

We continue our proof of the general case of 0.1 by introducing a version of the relative 
threshold which is adapted to the case where Qk x +l does not necessarily have log 
poles. The main motivation is that we still want to use the same approach as in the 
previous section and settle the general case by induction. 

We recall that we have nd({i^x + -^}) > 1- Let xq € X be a very general point, such 
that v(Qk x +l, xo) = 0. By the theorem 1.A.3, there exist a closed positive current 

Tem(c 1 (K x ) + e L ) + e L 

with logarithmic poles, such that v(T, xq) > n + 1 (the positive integer m above is 
large and fixed during the rest of the proof) . We remark that T is the substitute for 
the Q-section D in the previous paragraph. 
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Let fj,o : X — ► X be a common log resolution of the currents T and 0£. By this 
we mean that //n is the composition of a sequence of blow-up maps with non-singular 



centers, such that we have 



(19) ^o(©L) = ^aiK]+A L 

jeJ 



(20) ^(T) = 5Ja^ T [y j ]+A T 

jeJ 



(21) K~, =Va J ~ [y 7 -l 

V ; X/X Z-^i x/X l JS 

jeJ 

where the divisors above are assumed to be non-singular and to have normal crossings. 

We remark that the existence of the manifold X respectively of the map fio is a 
consequence of the fact that the currents T and O^ have log poles. 

Now the current &k x +l enter into the picture. Let us consider its inverse image via 
the map /aq : 



(22) Vo{®k x+ l) = Ys< x+ LiYj]+^K x+ L ; 

jeJ 

where A^ x +l m the relation above is a closed positive current, such that 

(23) u Y] (A Kx+L )=0 

for all j G J (the decomposition (22) is a direct consequence of a result due to Siu in 

[36]). 

In other words, even if Ak x +l is not smooth anymore (as it was the case in the 
previous paragraph), its generic Lelong number along all the possible candidates for 
the hypersurface S in the previous section is zero. 

Let us denote by D the first (divisor- type) part of the current /i* (Ok x +l) ; we consider 
the next quantity 

(24) 

:= sup{£ G JR+ : / exp (t(ip L o/j, + mip~ -ip T °V>o) + ¥d + ¥x/ x -<£l° /•*()) dA < oo} 



r 



We will prove next that we have the relations 

0< t < 1. 
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The latter inequality is due to the fact that the singularity of T at xq is large, and 
moreover Hq 1 (xq) is disjoint from the support of D (thus, it is here that the choice of 
a very generic point xq is important). As for the former inequality, we remark that by 
hypothesis we have 

L ex P ((1 + £o)(pk x +l ° Mo -<Plo^o) + <fi~ /x )d\ < oo 

■J Jv 

so in particular 

1 '■= L ex P ((i+eoj^ + ^-^^o +L Px/x^) dX < °° 

■J Jy 

We consider a point y G X such that 

z/(A Kx+L ,y) = 
and we have 



/ exp(^~-^ L o^ + p~ )d\<I 1/1+£ °( I exp(-(l + l/£o)VT)^A 



e /l+e 



and the last integral is convergent since the Lelong number of A_j, at y is equal to zero, 
therefore we can apply the theorem of Skoda, see [35] . 

In conclusion, the function exp (y>~ — (fL o ^o + fv/x) ls in ^ a ^ ^ ne S ener i c P om t 
of each Yj, by the relation (18). Together with the fact that the hypersurfaces (Yj) 
have normal crossing, this prove that r > 0. □ 

As before, we can obtain the explicit expression of the threshold r (modulo perturba- 
tion) by using the modification ^o as follows. Given any real number t, we have 



fj,*(e u (Kx) + t(T - e L )+e L ) = e^(K~) + (i + mt)D + (1 - t)A L + tA T 

+ J>4 + (1 " *)< - (1 + mt)a j Kx+L - aL ){Y 3 }. 

jeJ 

We have il*(Qk x +l) — D + Ak x +l, and on the other hand the cohomology class of 
the current 

t(T - Q L ) + Q L - (1 + mt)G Kx+L 

is equal to the first Chern class of A, so the previous relation can be written as 



(1 + mt)A Kx+L =Q-(K~) + ^(ta J T + (1 - t)a{ - (1 + mt)a 3 Kx+L - aL )[Yj} + 

jeJ 



(l-t)A L + tA T . 
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The perturbation argument used in the previous paragraph is still valid ; in conclusion, 
for t := t (or better say, a slight modification of this quantity, since we change the 
inverse image of the current ©^ within the same cohomology class) we can assume that 
we have 



(25) (1 + mT)A Kx+L + G = Cl (K~ + S) + 9 Z 
where the notations we use are as follows : 

d~ := £ (™t + (1 " r)a{ - (1 + mr)a j Kx+L - aL )[*}] + 

(26) jeJ P 

+ (1 - r)A L + tA t 
as well as 

(27) G: = J2 {( 1 + mr)a j Kx+L + aL /x -rai-(l-r)ai)[Y j }; 

after perturbation, we can assume that A/, is a Kahler metric. In the above relations, 
we have used the same conventions as in l.B for the definition of J P , J n . 



§1.D Properties of Q~ 

We collect in this paragraph the main features of the class 6~ which will be needed 
later. 

• In the first place, by the definition of the threshold r, we see that the coefficients of 
the singular part in the expression (26) are strictly smaller than 1. Thus, 9j contains a 
closed positive current whose critical exponent is strictly greater than 1 ; it is equally 
a Kahler current, as it dominates (1 — t)Al, and this form is positive definite on X. 

• There exist an effective M-divisor A such that 

e 2 + {S + A} =ri {r{T} + (1 - T )9 L ) = 

=^ (e L + rm( Cl (K x ) + e L )) 

(the precise expression of A is not relevant for the moment, but one can easily get it 
from the relations (25), (26) and (27) above). 

Therefore^ it is enough to produce an effective M-divisor in the cohomology class 
ci{K~ + S) + 6~ in order to complete the proof of the theorem 0.1. 

• The adjoint class c\{K~ + S) +6*~ is pseudoeffective ; moreover, it contains the closed 
positive current 

(l + mr)A Kx+L + G 

whose Lelong number at the generic point of S is equal to zero. 
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• By using a sequence of blow-up maps, we can even assume that the components 
(Yj)j e j p of the representative (26) of 9~ have empty mutual intersections. Indeed, this 
is a simple -but nevertheless crucial!- result due to Hacon-McKernan, which we recall 
next. 

We denote by B an effective Q-divisor, whose support do not contain S, such that 
Supp BUS has normal crossings and such that its coefficients are strictly smaller than 
1. 

Lemma ([20]). There exist a birational map /ii : X — > X such that 

ti(K~ + S + B) + E~ = K~ + S + T 

where E^ and V are effective with no common components, E^ is exceptional and S is 

the proper transform of S ; moreover, the support of the divisor V has normal crossings, 
its coefficients are strictly smaller than 1 and the intersection of any two components 
is empty. □ 

The proof of the above lemma is by induction on the number of the components of 
B having non-empty intersection ; the sets which we blow up to obtain ^i are precisely 
the said intersections. Since from the start the components of B have normal crossings, 
the restriction of the map Hi to the proper transform S of S will be isomorphic at the 
generic point of S. □ 

In our setting the M-divisor B above is defined as 



B := J2 ( r °T + (! " r K " C 1 + mr ) a K x +L ~ a ~,J Y J 



and we have 

ti( Cl {K~ + S) + {[B] + (1- t)A L + tA T }) + {E~} = Cl {K~ + S)+9 

where the cohomology class 9 above contain a representative which can be written as 

follows 

jei 

where < p> < 1 for any j, the hypersurfaces Wj are non-singular and Wj fl Wk = 
if j 7^ /c, and A is smooth, semipositive, whose restriction to S is positively defined at 
the generic point. 

In addition, we remark that the new modification hi does not affect the bullets 
above. We summarize the discussion in this paragraph in the next statement (in which 
we equally adjust the notations). 

l.D.l Proposition. There exist a birational map [i : X — *■ X and a class 6><- G NSr(X) 
which contain the current 

jeJ 
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where < w> < 1, the hyper surfaces Yj above are smooth, they have empty mutual 
intersection and moreover the following hold : 

i) There exist a closed positive (1, l)-current on X with the property that 

<de Cl (K~ + S) + e t 

where S C X is a non-singular hypersurface which has transversal intersections 
with (Yj) ; 



ii) The support of the divisorial part of the current is disjoint from the set (S, Y 3 



j) ' 



Hi) There exist a map Hi : X — > X such that S is not \i\ -exceptional, and such that 
Kl is greater than the inverse image of a Kahler metric on X via \i\ . Therefore, 
the form A^ is positive defined at the generic point of X , and so is its restriction 
to the generic point of S ; 

iv) There exist an effective W-divisor A on X such that 

9 t + {S + A} = ^ (0 L + rm( Cl (K x ) + 9 L )^j+ {E} 

where E is ^-exceptional. 

We remark that the relation ii) imply that the Lelong number of at the generic point 
of S is equal to zero but nevertheless, the local potentials of may be identically — oo 
when restricted to S. Therefore in order to be able to use the induction hypothesis, we 
have to regularize it. Certainly this creates some difficulties, which we overcome along 
the next paragraphs. 

§1.E Regularization and induction 

We consider now the family of approximations (0 £ ) £ >o of the current given by the 
theorem l.A.l. For each e > 0, the current e has log poles, and we equally have 

z/(0 £ ,x)<z/(0,x) 

for any x G X. In particular, we have u(Q £ ,x) = for the generic point x G S ; in 
other words, the restriction of the current e to S is well defined (i.e. its potential is 
not identically equal to — oo at each point of S). Therefore, since the regularization 
process does not change the cohomology class, the relation i) of the proposition l.D.l 
above imply 

(28) Qs\se Cl (K s ) + d tls 

Next, we have the following decomposition 

(29) ® £ \s = J2p S ' JY i\s + R c 

jeJ 
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where the coefficients (p e,J ) are positive real numbers, the generic Lelong number of 
R £ along Yj D S is zero, and moreover we have 

Re > ~£U\s 

We remark that this current may be singular along some other hypersurfaces of S. 
For each index j E J we will assume that the next limit 

p°°' J := lim p £ ' j 

exist, and we introduce the following notation 

(30) I-={je J:p°°' J >v J }. 

The numerical identity (28) coupled with (29) show that we have 

(31) J2(P°°' J ~ ^WM + ^ + E^' - P°°' J )l Y i\s} e CliKg) + e Ls 

jei jeJ 

where 9l s is the cohomology class of the current 

J2(vi-p°°' j )[Y Jls ]+A Lls . 
jeJ\i 

We infer that 9l s contains a Kahler current, by the property l.D.l, Hi) and the fact 
that the above coefficients are positive. Its critical exponent is greater than 1, by the 
definition of the set I in (30), the proposition l.D.l and the fact that the restrictions 
Yj\S are smooth and they do not intersect each other. Moreover, the adjoint class 
c\ (Ks)+0l s is pseudoeffective, by the compactness property of closed positive currents. 
Indeed, any weak limit of the currents R s above will be positive, and the last term in 
the numerical identity (31) will converge to zero as e — > 0. 

Now we apply the induction hypothesis : the class ci(Ks) + 9l s contains a non-zero, 
effective R-divisor , which can be written as 

T s :=X;A*[Wi] 

ieK 

where Wi C S are hypersurfaces. We consider now the current 

(32) f 5 : = J2 Am + J2 p°° ,j [ y j\s} + E^'Ki^] ; 

ieK jeJ\i jei 

from the relation (31) we get 
(33) T s e Cl (K~ + S) + 9 tls . 

During our discussion of the case where Qk x +l has log poles and rational singu- 
larities, we have used the extension theorem [19] in order to lift the section whose zero 
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set is (in the actual context) Tg. The obstructions in order to do the same thing now 
are the following : 

(•) 9<> does not necessarily correspond to a Q-bundle. In fact, we remark that this 
could happen even if at the very beginning it is the case for 6l -the reason is that 
the Lelong numbers of Qk x +l are not rational numbers in general ; 

(•) The current Tg do not (necessarily) correspond to the zero set of a Q-section ; 

(•) The current e is greater than —eu, but not positive in general. 

The way to deal with the first difficulty is by diophantine approximation, and will be 
explained in the next subsection. Then the second one is not a serious problem, since 
the method of Shokurov can be adapted to this setting. Finally, the slight negativity 
of the current O e has the following consequences : when we apply the "invariance of 
plurigenera" iteration, we can perform only a finite number of steps. However, we will 
show that as soon as the approximation is accurate enough, the number of steps is 
sufficiently large to allow us to conclude (here we use in an essential manner the strong 
positivity of Ax,). 



§1.F Approximation 

In this paragraph we would like to prove the following diophantine approximation 
lemma (see [5], as well as [39] for similar considerations). 

l.F.l Lemma. For each n > 0, there exist a positive integer q v , a Q-line bundle L v 
on X and a closed positive current 

(34) T S , V := £ AJ[Wi] + £ P~' j [Yj\s] + £^|s] ; 

ieK jeJ\i jei 

such that : 

A.l The multiple q^L^ is a genuine line bundle, and the numbers 

(q v X l 71 ) ieKl (q r] iy J v ) je j 1 (q v p™' J ) jeJ 

are integers ; 
A.2 We have f 5j „ G {K% + S + L v]s } ; 

A. 3 We have \\q v (L — L v )\\ < n, (^(A^ — A*)| < r\ and the analog relation for the 
(p°°' J , ^)jeJ (here \\ ■ || denotes any norm on the real Neron-Severi space of X) ; 

A. 4 For each r/o > 0, there exist a finite family (rjj) such that {K^ + S} + 9^ belong 
to the convex hull of {K^ + S + L Vj } where < rjj < r/o. D 

Proof (of the approximation lemma). We choose first an appropriate basis of the Neron- 
Severi space of S. 
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Let cti, ..., ol p be a basis of the NS(X). The restrictions [olj\s) generate a subspace 
of NS(S') ; let us assume that a basis of this subspace is given by (&j\s)i<j<r- We 
complete this free family with /?i, ...,(3 p > to a basis of NS(S'). 

We compute the coordinates of the cohomology class of the current 

(35) f s = J>«+ J2 P°°' J iYj\s] + Y.» J { Y 3\s]£{ K x + S } + e L\s 

ieK jeJ\i jei 

with respect to the basis (a, (3) above. Since {K^ + S} + 9<> is defined on X, there 
exist a set of real numbers (V) such that 

3 = 1 

We equally have the rational numbers (q 3 p ) such that 

r 

a r+j\S = ^2Qj a k\S 
k=l 

by our assumption, and therefore we obtain 

r p—r 

(36) {K~ + S} + e t{s = J2 [V + £* r+i ??K|s- 

In order to simplify the writing, we denote by a v := b p + YjjZi b r+: 'q^. 

Next, we are going to express the coordinates of ci(Wj) and c\{Yj) with respect to 
the basis (a, (3). There exist the rational numbers (#?), (y|), (zj) such that 



p 

\,Pa 
v 



^• = E4^ + E^ 

p=i p=i 

as well as 

p 

Y j\s=J2 z J ak \ s 



k=i 

r p—r 



fe=i p=i 

By the relations (32), (33) and (36) we get the next equalities 

(37 p ) E XJ y" = ° 



(38 fc ) £ a^ + J2 p°°' J ^ + E *f r ?p) + E ^ (4 + E *T P $ = ak 

ieK jeJ\i p=i j'ei p=i 
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for p = 1, ..., p' and k — 1, ..., r. 

Let Z be the matrix whose coefficients are the rational numbers (x P ), (y^) as well as 

I «iir"Vi t.lint. tViP nVinxrp <=>rmntinn« nan h<=> writ+pn a 



(zj + Xlp=i 2? r ?p) such that the above equations can be written as 



(39) ZA = V 

where V is the vector whose first p' coefficients are zero, and the next ones are just the 
(a fc ). Conversely, if we have a solution (A, p, v) of the linear system (39) corresponding 
to a vector V whose first p' components are zero, then the cohomology class of the 
corresponding Ts belong to the space generated by (ccj). 

We denote by H C NS(>S) the vector space obtained by intersecting the image of Z 
with the space defined by the vanishing of the first p' coordinates ; the equality (39) 
show that the vector V belong to H. 

Next, the main fact is that the subspace H is defined over the rational numbers 
i.e. there exist a basis hi, ...hi of H which can be expressed in (a, (3) with rational 
coefficients (this is a consequence of the fact that the matrix Z has rational coefficients) . 
Then we write our vector V with respect to this basis of H, as follows 

i 

v = j2c p h p . 
P =i 

We will use the next fact from the "diophantine approximation" theory. 

1.F.2 Fact. Let x 1 , ...,x s be a finite set of real numbers ; there exist a constant C > 
such that for any r\ > 0, there exist q v G Z + such that : 

(l)For each j = 1 , ..., s, there exist integers p 7 so that we have Iq^ — p>\ < Cn we 
denote by X the vector in M. s whose coefficients are the (x^), and by X v the vector 

pj 
given by the rational approximations — ; 

% 

(2) Given a positive real rjo, there exist a family of approximations X Vj as above, with 
Vj < ^o such that the vector X belongs to the convex hull of X Vj . 

Proof. Indeed, we show along the next lines that the above statement is a consequence 
of the Kronecker theorem (see e.g. Hardy- Wright, [21]). 

We consider the maximal family, say x , ...,x p such that the numbers l,x , ...,x p 
are independent over Q. The integer p above can be assumed to be greater than 1, 
because if not all (x J ) are rational, and in this case the above result is obvious. Thus, 
we have 



x p+J 



J2 r i xk + r o 
k=i 

for all j = l,...,s — p, where (r J k ) is a set of rational numbers. Let A = (r 3 k ) and 
B = (tq) ; then our vector (x , ..., x s ) become an a point on the graph of the affine 
map 

Y -»• AY + B 
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defined on W -»• W~ p . 

Let 77 > be a positive rational number. The theorem of Kronecker (see [21]) imply 
that the set ({eiqx 1 }, ..., {e p qx P Y) z is dense in the cube [0, l] p , for any choice of the 

quantities Sj within the set { — 1,1}. Here we use the fact that if the family 1, x , ..., x p 
is independent over Q, then so is ljSix 1 , ...,e p x p , for any choice of (sj) as above. 

We consider the vectors 

X £ , q := (x 1 X -{eiqx 1 }, ..., x p - — {e p qx p }J ; 

our first remark is that they have rational coefficients, as one can easily see. Next, for 
any (ej) as above, we will consider the vectors X e ^ q such that {ejqx^} < r\, for any 
j = 1, ...,p. Finally, we can select a finite family from the {X e ^ q ) above such that the 
vector (x\ ..., x p ) is in the interior of the polygon they define. 

But then, the vector (X, AX + B) is in the convex hull of the 

(X e>q ,AX e , q + B) 
and this completes the proof of l.F.l. □ 

We apply now the diophantine approximation statement above for the following set 
of real numbers : 

(c ? ')i<,</, (b r+ i)i<j< P -r, { P ^ J ) 3 eJ, (^')i e j, (V)jeK. 

To complete the proof of the lemma, will trace our steps back in order to obtain 
the approximations of the M-sections/bundles we are interested in. 

We first define 

V v :=J2 c v h J^ H 

j 

and its coefficients with respect to the basis (ot,/3) will define the rational approxima- 
tions (a J v ) of the coefficients (a J ) above ; moreover, the coefficients corresponding to 
(Pi) are zero. Then we set 

p—r 

fc=l 

and 

p 

that is to say we consider any Q-line bundle whose Chern class is given by the above 
expression. Finally, we can choose the vector A^ such that 

(40) ZA V = V v 

with the property that 

IMA„- A) || <C V 



§1. A non- vanishing result 25 

and such that moq^k^ has all the components integral numbers, where roo is a fixed 
positive integer. Such a vector can indeed be found, by the usual theory of linear 
systems ; the constant mo is due to the inverse of some square matrix extracted from 
Z. It is at this point that we need to have at hand the approximations of some of the 
(A- 7 ), (p 00 '- 7 ), (z/ J ) ; the others will be imposed by the linear system (40). 

We recall that all the components of the vector A are positive real numbers, therefore 
the approximation A^ will have the same property, if rj <C 1 . 

The approximation Ts jT) of the the current T$ in our lemma l.F.l is obtained simply 
by plugging in the coefficients of A v . 

The equation (40) show that 

{fs !V } = c 1 (F v \ S ) ; 

moreover, the relation (1) in 1.F.2 imply 

\\ qil ({K~ + S} + e 2 -{F r) })\\<Cr ] ; 

moreover, we can assume that q v F v is integral (here we are a bit sloppy, since some 
additional denominators can occur because of the coefficients (x, y, q) above, but they 
are fixed independently of rj, so we just ignore them) . 

Finally, we remark that {K^ + S} + 6<> belong to the convex hull of the F v thanks 
to the second part of l.F.2. This is indeed the case, since the vector (pi, ..., b p ) is the 
image of (ci, ..., c\, b r +i, •••,b p ) via a linear map, and we use precisely the same map 
(whose associated matrix with respect to the basis above is has rational coefficients) 
to define the approximations. 

We define L v such that 

K~ + S + L v = F v 

and the proof of the lemma is finished. □ 



§1.G The method of Shokurov 

Our concern in this paragraph will be to "convert" the current Ts, v into a genuine 
section s v of the bundle q v (K^ + S + L^). To this end, we will apply a classical trick 
of Shokurov, in the version revisited by Siu in his recent work [39]. A crucial point is 
that by a careful choice of the metrics we use, the L 2 estimates will allow us to have a 
very precise information concerning the vanishing of s v . 

l.G.l Proposition. There exist a section 

s v eH (s, qri (Ks + L vls )^ 

whose zero set contains the divisor 

«n( E Pn' J [ Y i\s\+Y.< Y i\s\ 
jeJ\i jei 



26 

for all < rj < 1. 

Proof (of the proposition). We express the bundle we are interested in as an adjoint 
bundle as follows 

Qv {K s + L V \ S ) = K s + (q v - 1) (K s + L V \ S ) + L n \ s . 
In order to use the classical vanishing theorems, we have to endow the bundle 

(q v -l)(K s + L v]s ) +L vls 

with an appropriate metric. We first consider first the Q-bundle L v ; we will construct 
a metric on it from the decomposition 

c 1 (L tl ) = t +(c 1 (L ri )-0 t ). 

The second term above admits a smooth representative whose local weights are bounded 

by — in C°° norm, by the approximation relation A. 3. As for the first one, we recall 

Qv 
that the class Q<> contains the representative 

(41) ^VYj + Al; 

jeJ 

where the (l,l)-form A_j, has the positivity properties in l.D.l,iii). 

Now, the first metric we consider on ^15 is given by the perturbation of the current 

(41) as follows : 

(42) ^max^V^isHh £ iSY j]s + A L]S + e(r,) ]s 
jei jeJ\i 

where Q(rj) is a non-singular (1, l)-form on X in the class of the current 

J2 (" ij) - max (i/W, i/W))) [Yj] 
jei 

^ 77 

plus ci(L v ) — 9^- ; we can assume that it is greater than — C — . 

L Qv 

The smooth term Ajig is semi-positive on S and strictly positive at the generic 
point ; in order to gain the strict positivity needed in the vanishing theorems, we recall 
the following standard result (see e.g. [15], [28]). 

Fact. There exist a Kdhler metric O on S , a positive constant C and a family of 
currents A £ L s G {A L \$} such that : 

(1) We have A. e LS > eVt ; 

(2) The Lelong number of A S L s at each point of the manifold is smaller than eC . □ 



§1. A non- vanishing result 27 

Thus, for any rj > 0, we can define an e such that the corresponding current A £ L s verify 
the next properties. 

Mi) The current A e L s + Q(rj) dominates a small multiple of Q, which depends on r\ 1 
but fortunately this does not matter for the purposes of this paragraph ; 

M%) The Lelong number of A £ L s at each point of S is smaller than C — . 

In conclusion, we can define a metric on L^s with the following curvature current 

(43) £ max (^", 1^5+ £ ^Y j[s + A£ >5 + Q{v)\s', 

jei jeJ\i 

we remark that it is a Kahler current, and its critical exponent is strictly greater than 
1, provided that rj <^ 1. 

Next, we define a singular metric on the bundle (q v — 1) (Ks + L v \s) whose curvature 
form is equal to (q v — l)Ts tV and we denote by h v the resulting metric on the bundle 



(q v -l)(Ks + L v \s)+L 



v\s- 



The current q^Ts^ corresponds to the current of integration along the zero set of 
the section u v of the bundle 

q^Ks + L^s) +p 

where p is a topologically trivial line bundle on S. 

By the Kawamata-Viehweg-Nadel vanishing theorem we have 

W(S,q v (K s + L v )®3(h v )^=0 

for all j > 1, and the same is true for the bundle q v (Ks + L^ + p, since p carries a 
metric with zero curvature. Moreover, the section u v belong to the multiplier ideal of 
the metric h n above, as soon as r\ is small enough, because the multiplier ideal of the 
metric (43) on the bundle L^g will be trivial. Since the Euler characteristic of the two 
bundles is the same, we infer that 

H°^S, qil (K s + L v )®3(h v )^ ^0 

We denote by s v any non-zero element in the group above ; we show now that its zero 
set satisfy the requirements in the lemma. Indeed, locally at any point of x G S we 

have 

If I 2 

: ^t-t : —d\ < OO 

where v^ := z/ J if j E J \ I and v^ :— max{^, z/- 7 } if j E I ; we denote by f s the local 
expression of the section s, and we denote by /,■ the local equation of Y" 7 fl 5". 
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But the we have 



\fs\ 



|2 



(**>IWI/il 2 *> q ^U je i\fj 



2v J v q v 



-d\ < oo 



for all tj <C 1 (by the definition of the set I and the construction of the metric on L n \s). 
Therefore, the lemma is proved. D 



§1.H The method of Siu and Hacon-McKernan 

We have arrived now at the last step in our proof : for all < rj <^ 1, the section 
s v admit an extension on X. Once this is done, we just use the point A. 4 of the 
approximation lemma l.F.l, in order to infer the existence of a R-section of the bundle 
K^ + S + L, and then the relation l.D.l, iv) to conclude. 

In order to explain our approach in the simplest possible way, we consider next the 
approximation of the usual setup of the extension of twisted pluricanonical sections ; af- 
terwards we will compare it with our current situation. We will use different notations, 
to avoid any confusion that may occur. 

Let X be a projective, non-singular manifold ; let 

%'.= {S,fJj) j( :j,L,A,T} 

be a set of objects on X, with the following properties. 

(Uo)S' and (Yj)j E j are non-singular hypersurfaces of X, with normal crossings and 
such that Vj ^fc we have Yj D Y \ = ; 

(Ui)L is a Q-line bundle, which admits the following numerical decomposition 

L = Ai + A 2 
where 

jeJ\i 

and 

A 2 = ^^'[F J ]+A 2 . 
jei 

The numbers oP above are rational and moreover oP g]0, 1[ ; also, A 2 is a Kahler 
current, with logarithmic poles and rational cohomology class, whose generic Le- 
long number along S is equal to zero, i.e. 

Vg(K 2 ) = 0. 

In this case the restriction A 2 ,gr is well defined and we denote by 

v := supz/(A 2 ,g, x). 

xes 
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(U2)T is a closed current with logarithmic poles in the cohomology class of the bundle 
K-% + S + L and A is an ample line bundle such that : 

(U2.1) We have 

(&r) T > -C T e(A) 

where CV is a positive constant, and 0(A) is a positive and non-singular curvature 
form corresponding to a metric on A. 

(U2.2) The restriction of T to S is well-defined and we have 

jeJ 

where 9 are positive real numbers, and R is a closed current on S, whose generic 
Lelong numbers along Y-rg is equal to zero ; 

(U3) Let q G Z + be a positive integer, such that qL and qa^ are integral, for any j e J, 
and such that 

(X) Q^ < 1 

that is to say, the multiple q is not allowed to be greater than the inverse of the 
maximum of the singularities of A 2 |s. We assume that there exist a section 

seH° (S, q{Kg + L)) 

whose zero set contains the divisor 

jeJ\i jei 

such that 

(X) P J > 0° - C' T 

for each j E J \ I ; in the above relation, C^ is a positive constant. □ 

Since the coefficients of qA\ are positive integers strictly less than q, we have the 
decomposition (see [4], [18]) 

gAi = L\ + ... + L g _i 

such that for each m — 1, ..., g — 1, we have 

m := / v i - 

jei m cJ\i 
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We denote by L q := qA 2 and 

L ( P ) :=p ( K _ + s) + L 1 + ... + L p 

where p — 1, ..., q. By convention, L^°> is the trivial bundle. 

(U 4 ) The ample bundle A is assumed to be positive enough such that the next condi- 
tions hold. 

(f) For each < p < q — 1, the bundle L^ p > + qA is generated by its global sections, 
which we denote by (sj ). 

(f 2 ) Any section of the bundle L^ q > + qA\g admits an extension to X. 

(f 3 ) We endow the bundle corresponding to (Yj)j E j and Kj^+S with non-singular 
metrics, and we denote by cp m the induced metric on L m . Then for each m — 1, ..., q, 
the functions 

fi Lm + l/3<p A and <p K + l/3<p A 
are strictly psh, where ^>k is the non-singular metric on the bundle K^- + S. D 

Under the numerous assumptions/normalizations above, we formulate the next state- 
ment. 



Claim. The section 

s® k <g> sf e H°(S, L<r) + kL^ + qA^) 

extend to X , for each p = 0, ..., q — 1, j — 1, ..., N p and k G Z + such that 

/cmax(C T ,Cy) < 1/4. 



D 



As one can see, the main differences between the present situation and the usual version 
oftheinvarianceofplurigenera(seee.g. [9], [18], [19], [24], [26], [33], [37], [38], [41], [42], 
[43], [44]) is visible in the relations $x, $-v and R s . Indeed, the "standard" assumptions 
in the articles quoted above are as follows. 

(•) The current T in (U2) is positive, that it to say Ct = ; 

(•) The current A2 in (Ui) is non-singular ; 

(•) The restriction Tj^ and the support of Ai have no common components and there- 
fore we can take C' T = 0. 

Under this perspective, the statement above can be seen as a natural generalization of 
the usual setting ; in substance, we are about to say that the more general hypothesis 
we are forced to consider induce an effective limitation of the number of iterations we 
are allowed to perform. 

The rest of the present paragraph is organized as follows. We start with the proof of 
the claim above in l.H.A. In the paragraph l.H.B we show that the family of bundles 
{L n ) is "uniform", in the sense that we have a precise control of the corresponding 
constants Ct, C' t as r\ — *■ 0. We complete the proof of the non-vanishing theorem in 
l.H.C, by showing that the claim imply the extension of (s^). □ 
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§1.H.A Proof of the claim 

We will review here the main steps of the arguments in the usual invariance of pluri- 
genera ; to start with, we recall the following very useful integrability criteria (see e.g. 

[4])- 

1. H.A.I Lemma([4]). Let © be a (l,l)-current with logarithmic poles on a manifold 
S , such that > — Cuj, where C is a positive real, andu is a metric on S . We consider 
equally the non-singular hyper surf aces Yj C S for j = 1, ..., N such that Yj fl Y i = 
if i ¥" 3> an d such that the generic Lelong number of along each of the Yj is zero. 
Then there exist a constant So := eo({0},C) depending only on the cohomology class 
of the current and its lower bound such that for all positive real numbers 5 e]0, 1] 
and e < Eq we have 



/exp ( — (1 — 5) /Jy?y — s(p@)d\ < oo. 
Js , 3 



□ 



In the statement above, we denote by ipy. the potential of the current [Yj]. We remark 
that strictly speaking the quantity under the sum above is not global, but we are only 
interested in the singularities of the objects above. 

We will equally need the following version of the Ohsawa-Takegoshi theorem, obtained 
by McNeal-Varolin in [29] (see also [2], [13], [32], [38]) ; it will be our main technical 
tool in the proof of the claim. 

1.H.A.2 Theorem ([29]). Let X be a projective n-dimensional manifold, and let 
S C X be a non-singular hypersurface. Let F be a line bundle, endowed with a metric 
hp- We assume the existence of some non-singular metric hs on the bundle 0{S) such 
that : 

(1) ^6 F > on X ; 

Z7T 

(2) — — ©f - a— — Qs > for some a > ; 

2tt 2tt 

(3) The restriction of the metric hp on S is well defined. 

Then every section u G H°(S, [Kx + S + F\g) <S>T(hp\s)) admits an extension U to X 
such that 

c n / U A U exp ( - ip F - (ps ~ log (|s| 2 log 2 (|s|))) < oo 

where s is a section whose zero set is precisely the hypersurface S and its norm in the 
integral above is measured with respect to hs- □ 

We will use inductively the extension theorem 1.H.A.2, in order to derive a lower 
bound for the power k we can afford in the invariance of plurigenera algorithm, under 
the conditions (Uj)i<j<4 '■> t ne first steps are as follows. 
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(1) For each j = 1, ..., Nq : the section s®Sj £ H°(S, L^ + qA,-g) admits an extension 
U^ E H°(X,L^ + qA), by the property (U 4 ), ft- 

(2) We use the sections (£/"• ) to construct a metric <p^ on the bundle L^ + qA. 

(3) Let us consider the section s ® s, G H°(S 7 L^ + L,( q ' + qA.-g). We remark that 
the bundle 

L« + L ii) + q A = K Y + S + L 1 + L<«) + qA 

can be written as K^- + S + F where 

F:=L 1 + L (9) + qA 

thus we have to construct a metric on F which satisfy the curvature and integrability 
assumptions in the Ohsawa-Takegoshi-type theorem above. 

Let 6, e be positive real numbers ; we endow the bundle F with the metric given by 
(44) ipQ := (1 - 6)<p Ll + 5ip Ll + (1 - e)v {q) + eq{^ A + cp T ) 

where the metric cpi, 1 is smooth (no curvature requirements) and ifiL 1 is the singular 
metric induced by the divisors (Yj)j e j 1 , see (U4), (f 3 ). 

We remark that the curvature conditions in the extension theorem will be fulfilled 
if 

5 < eq 

since we are interested in the integers k such that 

/cmax(C T ,Cr) < 1/4, 

thus implicitly Ct < 1/3 and the negativity of the curvature induced by the term S^L t 
will be absorbed by A. We use here the relations in (U4), (f 3 ) and (f 4 ). 

Next we claim that the sections s0s- are integrable with respect to the metric defined 
in (44), provided that the parameters e, 5 are chosen in an appropriate manner. Indeed, 
we have to prove that 

r Is (X> S ■ P 

/ 77^ ToT^Tl — exp ( ~ ( X ~ 5 )^i - e Wr)dV < 00; 

JS (Erl s ® s ^ I) 

since the sections (si- ) have no common zeroes, it is enough to show that 

/_|s| 2e exp ( — (1 — S)<fL 1 — sq<fiT)dV < 00 
Js 

(we have abusively removed the smooth weights in the above expressions, to simplify 
the writing). 

Now the property (U3) concerning the zero set of s is used : the above integral is 
convergent, provided that we have 

/exp ( - (1 - S)ip Ll - eq(ip T ~ JZ pJ ^ Y i ~^2°^ ( PY J ))d^ < 00. 

Js jeJ\i jei 
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We remark that we have 

(*) T \-s - E p J ^\s] - E« J ^) ^ E^ - « J )+^is] + ^ E ^15] + * 

jeJ\i jei jei jeJ\i 

(by the property (U3)) and therefore, we have an explicit measure of the size of the 
common part of the 1-codimensional components of the difference current above and 
those of Li. We use the notation 



x+ := max(x, 0) 



in the previous expression. 



We check next the conditions on e,6 in order to insure the hypothesis of 1. H.A.I. 
The cohomology class of the current 

Y,{0 3 -ai) + [Y ]{E \+R 
jei 

together with 1. H.C.I will provide us with a quantity which we denote by £0 (i n the 
context we are interested in, it can even be assumed to be independent on 77, but this 
does not matter) . The singular part corresponding to j e J \ I in the expression (•) 
will be incorporated into the (1 — S)ipL 1 therefore we impose the relation 

1-5 + qeC' T < 1. 

In conclusion, the positivity and integrability conditions will be satisfied provided 
that 

(45) qeC' T < 5 < eq < e 

We can clearly choose the parameters 5, e in order to satisfy (45), again by the implicit 
assumption in the claim. 

(4) We apply the extension theorem and we get [/• , whose restriction on S is 
precisely s <g) Sj . □ 

The claim will be obtained by iterating the procedure (l)-(4) several times, and 
estimating carefully the influence of the negativity of T on this process. Indeed, assume 
that we already have the set of global sections 



Mkq+P) e H ^ L (p) + kL ( Q ) + qA j 



which extend s® k ®s p . They induce a metric on the above bundle, denoted by (p( kq+p > . 



j 



If p < q — 1, then we define the family of sections 

s® k <g> si p+1) G H°(S, L( p+1 ) + kLto + qA.-*) 
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on S. As in the step (3) above we remark that we have 

L (p+i) =K _ + s + L p+1 + Z>) 

thus according to the extension result 1.H.A.2, we have to exhibit a metric on the 
bundle 

F := L p+1 + i>) + kL^ + qA 

for which the curvature conditions are satisfied, and such that the family of sections 
above are L 2 with respect to it. We define 

(46) ^ +p+1) := (1 - 5)<p Lp+1 + 5£ Lp+1 + (1 - 8)^+^ + eq{k<p T + ( p A + hp Lip) ) 

and we check now the conditions that the parameters s, 6 have to satisfy. 

We have to absorb the negativity in the smooth curvature terms in (46), and the 
one from T. The Hessian of the term 

l/Z(fiA + ~<Pl(p) 
Q 

is assumed to be positive by (U4), f 3 , but we also have a negative contribution 

-W t Qa 
induced by the current T. However we remark that we have 

(47) W T < 1/3 

by the hypothesis of the claim, and then the curvature of the metric defined in (44) 
will be positive, provided that 

5 < eq 

again by (f 3 ). 

Let us check next the L 2 condition ; we have to show that the integral below in 
convergent 

f \s 9k s'f +1) \ 2 

h ( Er | s ««4">p)>- exp ( " (1 " ^ L ' + ' " k " £VT)dV ' 

This is equivalent with 

/_|s| 2efc exp(- (l-5)<p Lp+1 -kqe<p T )dV < 00. 
Js 

In order to show the above inequality, we use the same trick as before : the vanishing 
set of the section s as in (U3) will allow us to apply the integrability lemma-the 
computations are strictly identical with those discussed in the point 3) above, but we 
give here some details. 
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By the vanishing properties of the section s, the finiteness of the previous integral 
will be implied by the inequality 

/exp ( - (1 - 5)tp Lp+1 - keq(tp T - Yl ? ^ ~ ^2 aJ( PYj)) dV < °°- 
Js jeJ\i jei 

In the first place, we have to keep the poles of keqT "small" in the expression of 
the metric (46), thus we impose 

keq < Eq. 

The hypothesis in the integrability lemma also require 

1-5 + ekqC' T < 1 

because of the contribution of the common part of Supp L p+ i and T. Combined with 
the previous relations, the conditions for the parameters become 

ekqC' T < 5 < eq < e^jk. 

In conclusion, we can choose the parameters e, 6 so that the integrability /positivity 
conditions in the extension theorem are verified ; for example, we can take 

._ _£o_ 
2kq 
and 

.5:=(l + kC' T )^-. 
1J Ak 

Finally, let us indicate how to perform the induction step if p = q — 1 : we consider 
the family of sections 

s k+1 <g> sf G H°(S, (k + l)L (g) + qA\g), 

In the case under consideration, we have to exhibit a metric on the bundle 

L q + L^" 1 ) + kL^ + qA ; 

however, this is easier than before, since we can simply take 

(48) ^+i) := ^_ + ^+ Q -D 

where the metric on A2 is induced by the decomposition in (Ui). With this choice, 
the curvature conditions are satisfied ; as for the L 2 ones, we remark that we have 



f |a*+W 0) | 2 

/ f — T\ ex P ~ Q^Aa dV < 



*s (J2 r \s k (g)S 

,(°)|2 



< C L — 1 (q J _i) ex P ( - Q<PA 2 )dV < C /exp ( - q^dV < 00 

where the last relation holds because the vanishing properties of S and of the fact that 
qv < 1 (cf. (U3). The proof of the extension claim is therefore finished. □ 
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§1.H.B Uniformity properties of {Kc^ + S + Lr))r^>o 

We come back now to the family of approximations (L v ) we have produced in the 
paragraph l.F ; our main concern in this paragraph will be to derive its uniformity 
properties, in order to apply the previous considerations. We list them below ; the 
constant C which appear in the next statement is independent of r\. 

(Pi) There exist a closed (l,l)-current ©,, G {Kc? + S + L v } such that : 

(Pi.i) It has logarithmic poles ; 

(Pi 2) It is greater than — C — u ; 

Qv 

(Pi. 3) Its restriction to S is well defined, and we have 

jeJ 

Moreover, the generic Lelong number of R v ,s along Yj\$ is zero, for any j G J and 

Qj < p oo,j + c^-. 

(P2)The bundle L v can be endowed with a metric whose curvature current is given by 

jeJ 

where H(//) is non-singular and greater than —Crj/q^ ; we equally have YjHYi = 0, 
if i 7^ j. As for A^, we have the next important property : there exist a smooth, 
projective manifold X and a birational map \i\ : X — > X such that 

A L > [i\ui 

where a; is a Kahler metric on X and S is not fii-exceptional (see the proposition 
l.D.l.). 

(P 3 )The section s v G H°(S,q v (Ks + L v )^j vanishes along the divisor 

jeJ\i jei 

for all < tj < 1 D 

The property (P3) is a simple recapitulation of facts which were completely proved 
during the previous paragraphs ; let us give few details concerning (Pi) and (P2)- 

By using the regularization theorem of Demailly, we have obtained in the section 
l.E a family of currents with log poles G e G {Ky + S + L} such that G e > — eu, and 
whose restriction to S equals 

e £]s = J2p £,JY j\s + Re. 

jeJ 
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We first "move" the current £ in the class {Kci + S + L v } by a smooth form ; we 
denote by £T? the result, and we remark that we have 

e e ,„>-(e + c-9> 

by the approximation lemma l.F.l. Next, we take e small enough such that : 

.e<C^L; 
Qv 

• \p™'' ~ P s,i \ < Cf- for each j e J. 

With this choice, the corresponding current will be our Q v ; it satisfy all the require- 
ments in the (Pi) above. □ 

The curvature current in the first Chern class of L v can be obtained as in the section 
l.G ; nevertheless, we will give here the full details of the construction. We consider 
the decomposition 

L V = L + (L V - L) 

and we remark that by the approximation lemma l.F.l, the second term of the previous 
decomposition can be endowed with a non-singular metric whose curvature form is 
greater than —Crj/q v . We replace the coefficients z/ J of L (see the property l.D.l) with 
their rational approximations v-* (cf. l.F.l), and the negativity of the error term is 
again dominated by —Crj/q^ ; thus, the claim (P2) is verified. □ 

We will establish now the relations between (Uo) — (U4) and (Pi) — (P3). 

• X :— X, S — S and L := L v ; the corresponding coefficients/forms are ct J := i/j* and 
{A2} := {A^ + 2(77)} (we will choose later the representative corresponding to A2). 

• The hyper surfaces (Yj)j E j are the same for all i] > 0. 

• T := Q v , therefore 9 := 0L 

• 1 '■= % an d s := s v ; thus we have C' T :— C— , where we insist on the fact that C 
does not depend on rj. 

In order to apply the claim we still have to clarify the following points : we have to 
identify the decomposition of L v as in (Ui) and "trade" A^ + S(?7) for a Kahler current, 
with an estimate for v as it is required by (Ui) and (U3). Also, we have to choose the 
bundle A with the property (U4). This will be discussed along the next lines. 

We first remark that we have the next decomposition 

jeJ\i jei 

the coefficients corresponding to the indexes j & J are positive, as soon as rj is small 
enough. 

Let us introduce the next notations : 
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• Ai := Ysj€j\i v ri\?j]- ^ i s an effective Q-bundle whose critical exponent is greater 
than 1, and such that the multiple q n vl is a positive integer strictly smaller than q v , 
for each j e J \ I ; 

• A 2 := Yljei v ri\Xj\ + ^l + ■^( ? ?)- K is equally a Q-bundle whose critical exponent is 
greater than 1 and such that q v A 2 is integral. One of the facts which will be relevant 
in what follows is that the section s v vanishes along the singular part of q^A^ 

By the property (P2), we can find a representative of the class {Ax,} which dominates 
a Kahler metric (see also the previous section) ; in general we cannot avoid that this 
representative acquire some singularities. However, in the present context we will show 
that there exist a Kahler current in the above class which is "restrictable" to S. It is 
at this point that we use the full force of the property (P2)- 

Indeed, we consider the exceptional divisors (Ej) of the map [i\ (see the paragraph 
l.D) ; the hyper surface S do not belong to this set, and then the class 

j 

is ample on X , for some positive reals eK Once a set of such parameters is chosen, we 
fix a Kahler form 

n e {A L - JV £,} 

3 

and for each 5 G [0, 1] we define 

(49) A L , 5 := (1 - d)A L + 5{tt + J2 £ JE i) e {A L }. 

j 

For each 77 > 0, there exist 5 > such that 

M3) The current A^^ + £(77) dominates a Kahler form on X ; 

M 4 ) The Lelong number of the restriction A^^g at each point of S does not exceed 

q n 



77 

C — , where C is a constant independent of 77. 



One can take S := e^ 1 — where £0 is small (but fixed) and the properties M 3 ) and 

q v 

M 4 ) are clearly satisfied, since the negative part of £(77) is given by the property (P2) 
above. We denote by A^ the corresponding current, and we observe that it satisfy 
the next property as well. 

M 5 ) The restriction of Ax, j7J to S is well defined. 
Thus, the Q-divisor A 2 is linearly equivalent to 



(50) A 2 = XX[*i]+A £>IJ + 5fa); 

jei 
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it is a Kahler current and we have q v maxz/(A^ )?7 |5, s) <C 1, for rj small enough ; 
therefore, the first inequality in (U3) is satisfied. 

Precisely as in [4], [15], [18] there exist a decomposition 

q v A 1 = Li + ... + L g?) _i 
such that for each m = 1, ..., q v — 1, we have 

L m := 2^ Yj. 

j€l m CJ\I 

We denote by L qrj := q v /S.2 and 
(51) i>) := p{K x + S) + L x + ... + L p 

where p = 1, ..., q v . By convention, L(°) is the trivial bundle. 

Finally, it is possible to find an ample bundle (A, Iia) independent oft] whose curvature 
form is positive enough such that the next relations hold. 

(f) For each < p < q v — 1, the bundle L^ + q v A is generated by its global sections, 
which we denote by (s p ). 

(f 2 ) Any section of the bundle L^ Qr1 ' + q v A\s admits an extension to X. 

(f 3 )We endow the bundle corresponding to (Yj)j E j with a non-singular metric, and we 
denote by Lp m the induced metric on L m . Then for each m — 1, ..., q^, the functions 

&L m + 1/S<PA 

are strictly psh. 
(f 4 )For any 77 > we have 



Qn 



thus C T := JL - 

1 Qv 



In other words, the bundle U A" in U4 will be A in the present context. □ 



Remark. Concerning the construction and the properties of A^, we recall the very 
nice result in [17], stating that if D is an M.-divisor which is nef and big, then its 
associated augmented base locus can be determined numerically. 
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§1.H.C End of the proof 

We show next that the sections s n can be lifted to X as soon as r\ is small enough, by 
using the claim proved in l.H.A. 

Indeed, we consider the extensions U- of the sections s® k <E> s- ; they can be 
used to define a metric on the bundle 

kq v (K~ + S + L v ) + q v A 

whose kq^ root it is defined to be h£ ■ 

As usual, we write the bundle we are interested in i.e. q v (K^ + S + L v ) as an 
adjoint bundle ; we have 

q v (Kx + S + L V ) =K~ + S+(q v -l)(K~ + S + L v ) + L V = 

=K 9 + S+(q v -l)(K~ + S + L v + 1/kA) +L V - ^jr^A 

Given the extension theorem l.H.A. 2, we need to construct a metric on the bundle 

{q n -1)(K~ + S + Lr, + 1/kA) +L V - ^pA. 

On the first factor of the above expression we will use (q v — 1 )</?)_ (that is to say, the 
(q v — l) th power of the metric given by h£ ). 

We endow the bundle L v with a metric whose curvature is given by the expression 

E ^ra + E^ra+A^ + S^); 
jeJ\i jei 

here we take 5 independent off), but small enough such that the critical exponent of 
the resulting metric on L v \s is still greater than 1. Finally, we multiply with the Qv k 
times h~^ . 

The corresponding constants CV, respectively C' T in l.H.A are in the present context 

— , respectively C — ; thus by the claim, we are free to choose k e.g. such that 
Qv % 

k = qrilv -1 ] (where [x] denotes the integer part of the real x). Then the metric 
above is not identically oo when restricted to S, and its curvature will be strongly 
positive as soon as rj <^C 1. Indeed, the curvature of L v is greater than a Kahler metric 
on X which is independent oft] because of the factor A^. 

Moreover, the 1? conditions in the theorem l.H.A. 2 are satisfied, since the norm of 

(v) 
the section s v with respect to the metric q^k ^ s pointwise bounded, and since the 

critical exponent of the metric on L^ig is greater than 1. 

In conclusion, we obtain an extension of the section s v , and the theorem 0.1 is com- 
pletely proved. □ 
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Remark. The exact vanishing properties of s v given by the proposition l.G.l are 
crucial. Indeed, assume that instead of the divisor 

9n{ E PT J [ Y J\s]+Y,»ti Y J\s. 
jeJ\i jei 

the section s v only vanishes along 

(?i-i)( E pT i { Y J\s}+J2< Y J\si)- 

jeJ\i jei 

This may look innocent, since q n — ► oo anyway, but we remark that under these 
circumstances we have 

C' T = C h max < > 

and the whole extension process collapse, since we cannot insure 

k 
anymore. □ 



§2. Metrics with minimal singularities and holomorphic sec- 
tions 

In this section we will consider the following geometric context. Let X be a non- 
singular, projective n-dimensional manifold, and let L — ► X be a Q-line bundle with 
the following metric property : 

(•) The (l,l)-class c\{L) contains a Kahler current O^ whose critical exponent is 
strictly greater than 1. 

We consider the following graded algebra 

(52) a(X,L):= H°(X,k(K x + L)) 

where q G Z + is a positive integer such that qL is a line bundle. In order to study its 
properties, we assume that a non-singular metric h on Kx + L is given, and for any 

ueH°(X,k(K x +L)) 

we will denote by \u\k the norm of u with respect to the metric h® k . D 

In the paragraph 2. A below we define a metric with minimal singularities which is 
adapted to the ring 0i(X, L) . For some technical reasons (which will only appear in the 
second paragraph 2.B), we are forced to take into account the sections of the multiples 
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of Kx + L twisted with a topologically trivial line bundle, even if our ultimate goal 
would be to understand the structure of the ring Oi(X, L). 

Next, we will consider the relative threshold of the minimal metric with respect to a 
metric given by a finite number of sections of the multiples of Kx +L ; if the singularities 
of these metrics do not coincide, then the non- vanishing theorem will provide us with an 
M-section of Kx + L which has precisely the same vanishing order along some divisor, 
say S, of a modification of A as the metric with minimal singularities (compare with 
[39]). The results we obtain in the paragraph 2. A will show in particular that the said 
vanishing order is a rational number. □ 

§2. A Metrics with minimal singularities 

Along the following lines, we will only consider the case of adjoint bundles, since it is 
in this setting that the main properties we will establish afterwards hold ; however, 
one could define the objects below in a more general context. A general reference for 
the notions discussed in this subsection is the article [14]. 

Let p — ► X be a topologically trivial line bundle, endowed with a metric h p whose 
curvature form is equal to zero. Given 



u 



eH°(X,k(K x + L) + p) 



we denote by \u\\ the poinwise norm of u, measured with the h k twisted with h p . 
We introduce the following class of functions on X 

7 := {/ = 1 log \u\\ p :keqZ + ,ueH° (A, k(K x + L)+p), s.t. sup \u\l p = l}, 

and we remark that we have 

Qr(Kx + L) + ^ddf>0 

for any / G J (since the curvature of p with respect to h p is equal to zero). Thus the 
curvature current associated to the metric 

exp(-f)h 

on the bundle Kx + L is positive. 

We will denote by /i m ; n the metric on Kx + L given by the smallest upper semicon- 
tinuous majorant of the family 5F above (see [14]). We denote by 

e min :=e hin jKx + L) 

the curvature current associated to this metric ; by definition we have 

H 2 exp(-/c</?min) < 0(1) 

for any v G H° (A, k(K x + L) + p). 
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Next we fix a topologically trivial line bundle po on X and an integer mo G qL + ; we 
will construct another metric on the bundle Kx + L as follows. We consider the set of 
potentials 

?o •■= {/ = j^- log |u|L»o,fcpo : u G ^(^ km o(K x + L) + kp ), sup |-u|L ,fc Po = l) 

and we denote by /i^ in the metric on Kx+L given by the smallest upper semicontinuous 
majorant of the family J p0 ; let 0^ in be the associated curvature current. 

We state now the main result of this subsection. 
2.A.1 Theorem. We have 



h ■ = h Po 

"-mm "min- 



□ 



2. A. 2 Remark. If the adjoint bundle Kx + L is big, then the above result is a 
consequence of the regularization theorem [11]. Also, the results of Campana-Peternell 
(see [8]) suggest that the strict positivity of L in the theorem above may be superfluous. 

Proof (of the theorem 2.A.1). The relation 

</?min > Vmin 

is implied by the definition ; in order to obtain an inequality in the opposite sense, we 
consider a section 

(53) u 1 eH°(X,m 1 (K x + L) + p 1 ) 

whose norm is smaller than 1. 

As a consequence of an argument due to Shokurov (already employed in the section 
l.G), we have the next statement. 

2. A. 2 Lemma. For any k G Z+, there exist a section 

(54) u k G H°(X,km 1 m (Kx + L) + km 1 p ) 
such that the next integral condition is satisfied 

/«x f c kU k A^exp(-fcmiy? P0 ) 

(55) / kmimo -i exp(-p L )d\ = 1. 

J * (ciui A ul)^^ exp ( - fcmi X°"V Pl ) 

D 

In the lemma above we denote by ipL the local weight of any metric on L which satisfy 
the properties at the beginning of 2. A : the corresponding curvature is a Kahler current 
whose critical exponent is greater than 1. The quantities Cfc and c\ are the usual ones, 
such that the wedge at the denominator and numerator in the previous lemma are 
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reals. We remark that the quantity under the integral sign in the above formula is a 
globally defined measure. 

Proof. For any positive integer k, we consider the bundles 

(56) kmimo(Kx + L) + krriipo 
and 

(57) kmimo(Kx + L) + km^pi 
as well as the multiplier ideal 

2 

(58) I k := J((/cmim - 1) log \ui\m{, Pl + <Pl) 
We have 

x((kmimo(K x + L) + krrnpo) ® h) = x( x , (kmim (K x + L) + km pi) <g> Ik) 

by the usual arguments (i.e. the existence of a finite and free resolution of the multiplier 
sheaf Ik , and the fact that pj are topologically trivial) . 

Thanks to the Kawamata-Viehweg-Nadel vanishing theorem we equally know that 
the respective higher cohomology groups are equal to zero, so in conclusion 

(59) 

H°(x, (km 1 m (K x + L) + km lPo ) <g> I k ) =H°(x, (km 1 m (K x + L) + fcm /0i) ® h) ■ 



We claim now that the section uf m ° belong to the right hand side cohomology group 
in (54). To verify this claim, we have to show that the following integral converge 



2 



ui| m i exp(— (fL,)d\, 

X 

and indeed this is the case, since the critical exponent of the current Ol is greater than 
1. 

Therefore we infer the existence of a non-identically zero section 

(60) u k E H° (x, (km im o(Kx + L) + krrnpo) ® I k ) . 

By the construction of the ideal Ik, we see that we can normalize the section Uk such 
that the integral condition (54) is satisfied ; the lemma 2. A. 2 is therefore proved. □ 

The finiteness of (54) show the existence of a section 

v k G H° [X, mi (K x + L) + krrixpo - km Q pi) 
such that 

(61) Uk = u 1 y ®v k ; 
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the integral relation (54) become 

(62) / — ^-rr exp (-<p L - kmi<p Po + (km - 1 + l/m )ip pi ) = 1. 

Jx (ciui A Hi) mi 

We will use the family of sections (uk)ke%+ i* 1 order to compare v'min and <fi^ in - A 
specific normalization was chosen for the sections defining the potentials in 5F ; thus, we 
have to estimate the sup norm of u^ along the next lines. Our main technical tools will 
be the standard convexity properties of the psh functions ; we use the same notation 
"C" for all the constants which will occur during the following computations, even if 
they are not the same inside the same line, as long as they do not depend on k. 

We define 



( 63 ) exp(/ fc ) := \v k \ 2 mukmi 



ifi P0 —(km -l)<fi P1 ' 



the next step in our proof is to show the existence of a positive constant C = C{m\) 
large enough, so that we have 

(64) V^lddfk > -Cu 
and moreover 

(65) — log C < max fk < log C. 

The inequality (64) is a consequence of the fact that the curvature form of the metrics 
on the bundles pj is equal to zero ; let us give some explanations about (65). By using 
the notations introduced in (63), the equality (62) become 

exp (fk-h) 

9' 



(66) / ^ _; dV u = 1. 

I I m l 

\U\ \m\,p\ 



where /x, is the (global) distortion function between the metric ipL and the non-singular 
metric on L induced by h on Kx +L and det(o;) on —Kx- The section u± is normalized 
such that 

max(|ui| miiPl ) = 1 

and then the right hand side part of (65) is a consequence of the mean inequality for 
the psh functions. 

In order to obtain the first inequality, we consider a log-resolution \x : X — > X of 
the function 

1>--=h + log Ui 

777-1 

and we have 

if, o n ■= $ +^2a J ^log\s j \ 2 
je-J 
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as well as 



K 9/Y :=y^aL [Wj] 
x/x A^ x/x l Ji 
jeJ 



where if) is a smooth function globally defined on X , and the hypersurfaces 

Wj := ( Sj = 0) 

have normal crossings. We stress at this point on the fact that n does not depend on 
k. 

For each positive integer k we decompose the inverse image of fk as follows 



fk°ip ■= fk + ^2a{\og\s 

jeJ 



2 



where fk is non singular along any of (Wj), and we observe that there exist a metric 
wonl such that we have 

(67) V-Lddf k > -Q 

for any /c-this is a direct consequence of the relation (64). With this notations, the 
equality (66) become 

(68) f exp (/fc-^H- $>£ + at - aj) log \ Sj \ 2 )dV- = C 
Jx jeJ 

for some constant C > 0, uniform with respect to k (which appear instead of 1 because 
of (67)). The finiteness of the above integral show that we have 

a{ + a-L - a 3 , > -1 

« x/x v 

for any j G J. We remark that the positive reals a J k defined above are in fact integers, 
since they correspond to the vanishing order of the inverse image of Vk along Wj. 
Therefore we obtain 

a J k > [aj - aL /x ] 

for all j G J and we re-write the formula (68) as follows 

(69) / exp(/ fc -$d^ = C, 

Jx 

where we use the following notations 

fk := fk + ^« - K ~ aJ x/x^ log l Sj | 2 
jeJ 

and 

ijj.-^+J^ia^-aL }log\sj\ 2 . 
jeJ 
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We remark that the equality (69) is similar to (66), but in addition multiplier ideal of 
the function if) is trivial. 

Let 

C k :=max(/ fc ); 
x 

as a consequence of the relations (67) and (69), there exist a positive constant C such 
that 

C k <C 

for any k G Z+. The equality (69) imply 

Cexp(-(7 fc ) = / exp (J k - C k - 4>)dV~ 
Jx 



and thus 



exp(-C fc ) <C I exp ( - i))dV^ := C < oo 



In conclusion, the sequence (C^) is bounded from below as well. 

By the usual properties of the quasi-psh functions (see e.g. [11], [12]), there exist a 
function f^ G L l (X) such that 

Jk * J oo 

as k — »■ oo. This show in particular the validity of the inequality (65), since 



X/X' 



fk°^ = fk + J2K~ aJ X / X ^ log ' Sj 

jeJ 
and thus the sequence (f k ) cannot tend to — oo. 



□ 



The important consequence of the previous considerations is the existence of a limit 
for the sequence (/&)• The normalization of u± and the relation (56) show that 



and finally we get 



max \vu\i. u < p c ( mi ) 



C(mi) , 1 , ,. |2 



</° > y —^- h log u fc r > 

mm kmimo kmiirio 

C(mi) kmQ — 1 . . l2 1 , 
> " : + t-^ log M 2 + f k . 

We let k — ► oo ; the first and the third term in the last inequality above tend to zero, 
and thus we get 

<°in>— l0gK| 2 . 

mi 
The section u\ above is arbitrary, thus the theorem is proved. □ 
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§2.B Constructing sections with minimal vanishing order 

In this paragraph we would like to point out an important property of the zeroes of 
the IR-sections produced by 0.1, in connection with Siu's proof of the finite generation 
problem (see [39], [40]). The same hypothesis/conventions as in the beginning of the 
section are in force ; in addition, given an integer a large enough, we consider the 
following truncation metric 



a 

(70) ^ Q :=log(j>£|4 



k=i jeJ, 



where £& are positive real numbers, and (f^) are local expressions of a family of sections 
of k(Kx + L) ; let G a be the corresponding current. 

Precisely as in the paragraph l.C, we will consider \i : X — > X a log-resolution of 
the currents ©x, and Q ; we have 



(71) »*(A) = J2<[Yj] 

jeJ 

and 

(72) ^(G L ) = 5>iK]+A L 

jeJ 

as well as 

(73) ^(0 Q ) = J> Q [Y,]+A Q 

jeJ 

where Ax,, respectively A a are non-singular and semi-positive (1, l)-forms on X which 
are positively defined at the generic point of this manifold. We consider next the inverse 
image of the minimal current via \i : 

(74) ^(G min )=^a J min [y j ]+A min 

jeJ 

where A m j n is a closed positive current, whose generic Lelong numbers along the hyper- 
surfaces Yj above is equal to zero. Moreover, by the definition of the minimal metric 
we have 



(75) < > < in 

for all j G J. We equally have the pointwise inequality 

(76) ^ . >E(<-<in) l0 gl^| 2 

il mm i * 

jeJ 
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modulo an irrelevant constant. 

The main result of the current subsection is the following. 

2.B.1 Theorem. If at least one of the inequalities (75) is strict, then there exist a 
topologically trivial line bundle p — > X and a section u G H° (X, m(Kx + L) + p) such 

that the vanishing order of p*(u) along Yj is precisely ma^ in for some index jo G J. 
In particular, we have a^ in G Q. □ 

We remark that if all the inequalities (75) are equalities, then (76) show that all the 
local potentials of the current A m i n are bounded. In other words, the metric with 
minimal singularities is equivalent with its truncation ip a , and this imply the finite 
generation of the ring associated to Kx + L, according to [39]. 

Proof. We consider the relative threshold associated to the following objects : 

(77) t := sup{£ G JR+ : / exp (t((p~ - <p a ) + ¥$ + ^x/ x ~ <Pl o v)d\ < oo}, 

■J J\ 

where we use the notation 

jeJ 
We observe that r verify the next relations 

(78) < t < oo 

by the same arguments as in the proof of 0.1-we remark that the latter inequality is a 
consequence of our assumption above. 

The perturbation argument we have used in l.C still apply in the present setting ; 
there exist a unique S C {Yj} such that we have the next relation 



p* {K x + r(e Q - e min ) + e L - e min ) + (i + r)A min 

x/x> 



(79) = K ^ + S + J2 (t(4 " <in) + < - <in " aL ) [Yj] + T A a + 1 L 



je.J 

where the coefficients of Yj are strictly smaller than 1, and the form Ax, is positively 
defined. The relation (83) is equivalent with 

(1 + r) A min + J2 «in + 4/x ~ T{< ~ a ' min) " a ^ [Yj] ~ 
(80) JEJn ^ .... ^ ^ 

= K X +S +Z2 ( T « ~ <in) + < - <in " 4/x) [Yj] + TAq + AL 
J&Jp 

We use the notation 

L := J2 ( T K ~ <in) + < ~ <in " 4/ J K' ] + T ^ a + ^ L 

J£J P 
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and we remark that L is a big R-line bundle on X, whose critical exponent is greater 
than 1 ; moreover, the restriction L\g has the same properties. 

Next we invoke the non- vanishing theorem 0.1 : as a by-product of its proof, we 
get the family of approximations L v together with a corresponding family of effective 
Q-sections U v of the bundle 

(81) K~ + S + L v 

whose restriction to S is non-zero, as they were obtained as extensions of non-zero 
sections defined on S. The bundle K<^ + S + L is obtained as a convex combination of 
the bundles of type (85), therefore we can assume the existence of a R-divisor 

(82) T := J2 AH e {K- + S + L} 

iei 
such that card(I) < oo and such that T is non-singular along S. 

Then the current 

f :=T+((l + r)a° rnin + a^ /x )[S] + 

(83) + E (C 1 + r )<n + 4/ J K] + E ( r < + a i) K] 

belong to the class of the bundle 

(84) K2 /x + (1 + t)h*(K x + L), 

where the index j = in (83) corresponds to S. By the Hartogs principle, we obtain 

(85) f =(l+r)/i*e + £at M 

where G is an effective IR-divisor in the Chern class of Kx + L. 

The current O is the one we seek ; it is obvious that the Lelong number of //*(©) along 
S above is precisely the same as the Lelong number of the inverse image of the current 
©min- The rationality statement in 2.B.1 can be obtained as in [39] : we write 

/**(6) = < in [S] + J2aUW J ] E p*( Cl {K x + L)) 



where Wj C X are hypersurfaces and Oq are positive real numbers. 

If a^ in ^ Q, then we use the rationality of L and infer the existence of an effective 
Q-divisor 

b°S + J2 V w i e ^ (ci (K x + L)) 

3 

such that b° < a^ in (see [39] for a more complete discussion). The multiplication of 
the above Q-section with a divisible enough positive integer transform it into a section 
of 

m (K x + L) + po 

where po — y X is a topologically trivial line bundle. By the theorem 2.A.1, the minimal 
metric on K x +L constructed with the sections of multiples of K x +L coincide with the 
minimal metric associated to the family of sections of the multiples of mo(K x +L) +po, 
thus we get a contradiction, and the theorem 2.B.1 is completely proved. 

□ 
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